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Abstract We consider single ionization of lithium atom in collisions with p and O8+ projectiles. Doubly
differential cross sections for ionization are calculated within a relativistic non-perturbative approach.
Comparisons with the recent measurements and theoretical predictions are made.
1 Introduction
During last decades the cold target recoil ion momen-
tum spectroscopy (COLTRIMS) [1,2] has been widely
applied to study break-up processes of simple atomic and
molecular systems [3]. With this technique, also known
as a reaction microscope (ReMi), the momenta of ejected
electrons and recoiling target fragments are measured di-
rectly, while the final projectile momentum is obtained
from the conservation laws. In this way, kinematically
complete experiments, in which fully differential cross
sections can be addressed, are feasible. The range of tar-
get species for the COLTRIMS experiments is restricted
due to the employed supersonic gas-jet technique. The
most part of the studies was done with helium and molec-
ular hydrogen targets, for which the best momentum res-
olution can be reached. These limitations were overcome
by a combination of a magneto-optical trap (MOT) for
target cooling and a ReMi. The constructed MOTReMi
setup is described in detail in Ref. [4]. Furthermore, a
successful implementation of an all-optical trap (AOT) in
the MOTReMi experiment has been recently reported [5].
Unlike conventional MOTs, the AOT does not require
magnetic field gradients in the trapping region. This fea-
ture greatly facilitates the joint operation of the trap and
ReMi.
Within the MOTReMi technique, the differential cross
sections for single ionization of lithium by 6 MeV protons
and 1.5 MeV/u O8+ were measured [6,7,8]. Since that
time several theoretical calculations were performed in
order to explain the experimental data. The continuum-
distorted-wave eikonal-initial-state (CDW-EIS) method
was applied in Ref. [9] to calculate differential cross sec-
tions in these collisions. The role of multielectron pro-
cesses was investigated in Refs. [10,11] also within the
Correspondence to: bondarev@spbstu.ru
CDW-EIS framework. In the latter paper, the CDW-EIS
approach was used in combination with the two-center
basis generator method [12]. The comparison between
advanced perturbative theories, three-body continuum-
distorted-wave (3DW) and three-body continuum-distorted-
wave eikonal-initial-state (3DW-EIS), was reported in
Ref. [13]. Large discrepancies between the results of the
CDW-EIS and 3DW-EIS approaches at large momentum
transfers were recently found in Ref. [14]. Non-perturbative
calculations of the differential cross sections were carried
out by the time-dependent close coupling (TDCC) and
coupled-pseudostate (CP) approaches in Ref. [15] and
Ref. [16], correspondingly.
In this contribution, we apply the relativistic non-
perturbative approach of Ref. [17] to calculate doubly
differential cross sections (DDCS) for single ionization of
lithium atom by protons and bare oxygen nuclei.
The article is organized as follows. In Sec. 2, we sum-
marize the key points of the method developed in Ref. [17]
and emphasize features of the lithium target description.
In Sec. 3, the results of calculations are presented and
discussed. The conclusions are drawn in Sec. 4. Atomic
units (a.u.) ~ = e = me = 1 are used throughout the
paper unless otherwise stated.
2 Theory
General formulation of the approach has been given in
Ref. [17]. In Ref. [18], it was applied to the essentially
three-body collision of antiproton with atomic hydro-
gen. Here, we use the same approach to study single
ionization of Li by protons and O8+ ions. We describe a
lithium target atom in the one-active-electron approxi-
mation, where the only L-shell electron is active, while
two K-shell electrons belong to the frozen core. The in-
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teraction potential VT between the active electron and
the core is calculated using the density-functional ap-
proximation with self-interaction correction [19]. The ef-
fectively three-body collision of a projectile with a tar-
get composed of the frozen core and the active electron
is considered in the impact parameter representation,
where the projectile moves along a straight-line trajec-
tory R = b+ vt with the constant velocity v and at the
impact parameter b = (b, φb), so that b · v = 0.
The wave function of the active electron Ψ obeys the
time-dependent Dirac equation
i
∂Ψ(r, t,R)
∂t
=
[
HT + VP(t)
]
Ψ(r, t,R), (1)
where the stationary target Hamiltonian HT comprises
the kinetic energy and the interaction between the active
electron and the target core,
HT = c(α · p) + (β − 1)c2 + VT (2)
with α and β being the Dirac matrices, c is the speed
of light. The interaction between the active electron and
the projectile is
VP = − ZP|r −R| , (3)
where ZP is the charge of the projectile. In the impact-
parameter approximation, the interaction between the
projectile and the target core, so called nucleus-nucleus
(NN) interaction can not change the predetermined tra-
jectory. Therefore, for cross sections not differential in
the scattered projectile variables, it can be omitted in
Eq. (1). Since the NN interaction does not depend on
the electronic coordinates, it can be removed from (or
added to) Eq. (1) by a corresponding choice of the wave
function phase. This phase, however, should be taken
into account in the calculation of the cross sections dif-
ferential in the scattered projectile variables. Though,
this transformation should be done with caution [20].
Expanding the time-dependent wave function Ψ over
a stationary finite basis set {ϕa},
Ψ(r, t,R) =
∑
a
Ca(t, b)e
−iεatϕa(r), (4)
and substituting Eq. (4) into Eq. (1), we derive the set
of coupled-channel equations for the time-dependent ex-
pansion coefficients Ca(t, b),
i
dCa(t, b)
dt
=
∑
b
Cb(t, b)e
i(εa−εb)t〈ϕa|VP|ϕb〉. (5)
The basis functions ϕa form an orthonormal set. They
are obtained by diagonalization of the target Hamilto-
nian HT on B-splines [21,22],
〈ϕa|HT|ϕb〉 = εaδab, 〈ϕa|ϕb〉 = δab. (6)
The system of the coupled channel equations (5) is solved
subject to the initial conditions
Ca(t→ −∞, b) = δai. (7)
It is worth noting that the atomic-like basis set centered
at the target is not suitable for the explicit description of
charge exchange processes. If these processes are signifi-
cant, their contribution is also included into the ioniza-
tion, which is, in fact, the electron loss from the target.
Two-center basis sets should be used in order to take into
account charge transfer processes explicitly [23,24,25].
Having the set of expansion coefficients {Ca(t, b)} at
asymptotic time t → ∞, we extract information about
active electron transitions during the collision. The tran-
sition amplitude to the state with a given energy ε, asymp-
totic momentum direction pˆ = p/p = (θe, φe), helic-
ity µs, and incoming spherical waves boundary condi-
tions reads as [17]
Tµs(ε, θe, φe, b) = 〈Ψ (−)εpˆµs e−iεt|Ψ(t)〉, t→∞. (8)
Using a Fourier transform, we can express the transition
amplitude in the representation of the transverse compo-
nent η = (η, φη) of the momentum transfer q = ki − kf
with ki (kf ) being the initial (final) projectile momen-
tum [26],
Tµs(ε, θe, φe,η) =
1
2pi
∫
db eiη·b eiδ(b) Tµs(ε, θe, φe, b),
(9)
where δ(b) is the additional phase due to the NN inter-
action omitted in Eq. (1). Different types of the semi-
empirical NN potentials were examined in Ref. [9]. It
was found that at small momentum transfers, the DDCS
is sensitive solely to the asymptotic form of the NN po-
tential at large internuclear distances. In this work, we
approximate the NN interaction by the simplest expres-
sion with the correct large-distance asymptotics,
VNN(R) =
ZeffZP
R
, (10)
where Zeff = 1. The same approximation for the NN
interaction has been used in the TDCC calculation [15].
Squaring the absolute value of the amplitude (9) and
summing over two different helicities µs give us the fully
differential ionization probability as a function of the
transverse component of the momentum transfer η, the
electron ejection energy ε, and the electron ejection an-
gles θe and φe,
d3P (η)
dε d(cos θe) dφe
=
∑
µs=± 12
|Tµs(ε, θe, φe,η)|2. (11)
The cross section for the electron being ejected with the
energy in the range from ε to ε+ dε into the solid angle
dΩe, while the projectile is scattered into the solid angle
dΩP is given by
d3σ
dε dΩe dΩP
= kikf
d3P (η)
dε d(cos θe) dφe
. (12)
This triply differential cross section (TDCS) is different
in the laboratory and center of mass reference frames as
the projectile momenta ki and kf and scattering angle
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dΩP also depend on the frame. Here, we focus on the
DDCS d
2σ
dε dη differential in energy of the ejected electron
and transverse component of the projectile momentum
transfer, which is obtained by integration of the TDCS,
d2σ
dε dη
=
η
kikf
∫ 2pi
0
dφP
∫
d3σ
dε dΩe dΩP
dΩe, (13)
where φP is the azimuthal angle of the scattered projec-
tile. Using Eq. (12), the DDCS can be calculated as
d2σ
dε dη
= η
∫ 2pi
0
dφη
∫ 1
−1
d(cos θe)
∫ 2pi
0
dφe
d3P (η)
dε d(cos θe) dφe
.
(14)
This cross section does not depend on the reference frame.
The first Born approximation (FBA) serves as a sim-
ple perturbation benchmark to evaluate the non-perturbative
effects. Furthermore, it helps to verify the convergence
of the time-dependent coupled-channel calculation in the
basis set size and other parameters. By turning off the
couplings with all but the ground state in the right-hand-
side of Eq. (5), the time-dependent calculation can be
run in the first Born mode. The comparison of its result
with the outcome of the wave treatment FBA provides
the convergence estimate. Unlike the case of ionization of
a hydrogenlike ion, where the first Born ionization am-
plitude is known analytically [27], here, this amplitude
has to be obtained numerically. Since our approach is
relativistic, the ionization amplitude and cross section
calculated employing the relativistic wave functions are
needed as well. We begin with the well-known expression
for the first Born amplitude
TFBA =
2ZP
q2
〈ψ(−)εpˆµs |eiqr|ψi〉, (15)
where ψ
(−)
εpˆµs
(r) and ψi(r) are the wave functions of the
final and initial state, correspondingly. In our case, these
functions are represented by bispinors. Expanding the
wave function ψ
(−)
εpˆµs
(r) and plane wave eiqr in partial
waves, after some algebra we arrive at
TFBA =
8piZP
q2
∞∑
j=1/2
j∑
µ=−j
j+1/2∑
l=j−1/2
j+ji∑
λ=|j−ji|
iλ−lei∆jl
√
2λ+ 1
4pi
Cjµlµ−µs,1/2µsg
λµi−µ(jµ; jiµi)Ylµ−µs(pˆ)Y
∗
λµi−µ(qˆ)
×
∫ ∞
0
drjλ(qr)[Gεκ(r)Gniκi(r) + Fεκ(r)Fniκi(r)]. (16)
Here Cjµlm,sµs and g
LM (jaµa; jbµb) are the Clebsh-Gordan
and relativistic Gaunt coefficients [17], respectively; YLM
and jλ are the spherical harmonics and spherical Bessel
functions of the first kind, respectively; G(r) and F (r)
are the large and small radial components of the wave
functions, respectively; ∆jl is a phase shift. Thus, treat-
ing Eq. (16) with a sufficient number of partial waves
κ = {jl}, one can calculate the FBA amplitude with a
required accuracy. Due to behavior of Bessel functions of
a large order at small arguments, the sum over partial
waves in Eq. (16) converges quite fast. A similar deriva-
tion for the non-relativistic case was used in Ref. [16],
and the corresponding result there was labeled EXB1.
Finally, the FBA TDCS in the center of mass reference
frame is given by
d3σ
dε dΩe dΩP
= p
kf
ki
µ2
∑
µs=±1/2
|TFBA|2, (17)
where µ is the reduced mass of the system. The desired
DDCS is calculated according to Eq. (13).
3 Results
The energy of the 2s (2p) state of lithium calculated by
diagonalization of the target Hamiltonian HT employing
B splines equals to −5.35 eV (−3.65) eV, which is in fair
agreement with experimental values [28].
In the relativistic treatment, six 2p electrons are char-
acterized by quantum numbers {jµ}, where j = 1/2, 3/2
and µ = −j, ..., j. While the DDCS does not depend on
the sign of µ, it depends on the absolute values of both
j and µ. In the calculations, we have assumed the equal
population of the 2p1/2(1/2), 2p3/2(1/2), and 2p3/2(3/2)
states.
Since the experimental data of Refs. [7,8] are not on
the absolute scale, we have normalized them to our non-
pertubative results for 2-eV ejection from Li(2s) at trans-
verse momentum transfer η = 0.65 a.u. This normaliza-
tion procedure was also used in the previous studies [8,
15,16,9].
3.1 Proton-impact ionization
Figs. 1 and 2 show the DDCS d
2σ
dε dη for the electron ejec-
tion energies of 2, 10, and 20 eV in the p-Li(2s) and p-
Li(2p) collisions at 6 MeV, respectively. The EXB1 and
CP results of Walters and Whelan [16] as well as the ex-
perimental data of Laforge et al. [8] are shown for com-
parison. The results of our coupled-channel calculations
in the first Born mode agree with those obtained in the
wave treatment FBA provided that the equal number
of partial waves is taken into account in both calcula-
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Figure 1: DDCS d
2σ
dε dη as a function of the transverse
component of the momentum transfer η for 6 MeV p
impact on Li(2s) for ejected electron energies ε of (a)
2 eV, (b) 10 eV, (c) 20 eV. The EXB1 and CP results are
from Ref. [16], the experimental data are from Ref. [8].
tions. In turn, the convergence in the wave treatment
FBA is well under control, since the ionization ampli-
tude (16) is easy to calculate with a demanded precision.
The difference between the coupled-channel calculation
and FBA result at large η is solely due to the NN inter-
action, which contributes to the former only. The results
of the coupled-channel calculation neglecting the NN in-
teraction [δ(b) ≡ 0 in Eq. (9)] do not differ from the
outcome of the FBA and are not shown in the figures.
One can see that our results are in good agreement with
the CP ones except for the region of small values of η.
In this region, our results are systematically larger than
the CP ones. This difference remains at the FBA level
and, hence, can be attributed to the using of the differ-
ent screening potentials for the lithium core. However,
the difference is small, and both approaches are equally
good in describing the experimental data, which are al-
most totally in the first Born regime.
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Figure 2: Same as Fig. 1 but for 6 MeV p impact on
Li(2p).
3.2 O8+-impact ionization
In Figs. 3 and 4, we present the DDCS d
2σ
dε dη for the 2-eV
electron ejection in the O8+-Li(2s) and O8+-Li(2p) col-
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lisions at 1.5 MeV/u, respectively. Our results are com-
pared with the TDCC results [15], CP results [16], and
experimental data [8]. In the differential cross sections of
Ref. [15], an extra factor is missed [29], which leads to the
normalization issue. Hence, we normalized the DDCS of
Ref. [15] to our results at η = 0.65 a.u. However, in this
case, the normalization factors for the DDCS from the 2s
and 2p states were different, in contrast to the normal-
ization of the experimental data, where the same factor
was used. From the figures, one can observe that the in-
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Figure 3: DDCS d
2σ
dε dη as a function of the transverse
component of the momentum transfer η for 1.5 MeV/u
O8+ impact on Li(2s) for 2 eV electron ejection. The
TDCC results are from Ref. [15], the CP results are from
Ref. [16], and the experimental data are from Ref. [8].
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Figure 4: Same as Fig. 3 but for 1.5 MeV/u O8+ impact
on Li(2p).
clusion of the NN interaction is crucial for describing the
experimental data. Neglecting the NN interaction in the
calculation leads to the almost FBA behavior at large
momentum transfers, which clearly contradicts with the
measurements. The results of Walters and Whelan [16]
are closer to the experimental data than ours, which can
be due to a more sophisticated form of the NN inter-
action used in their CP calculations. The normalized
TDCC results of Ciappina et al. [15] lie higher than ours
for the ionization from the 2s state and oscillate about
ours for the ionization from the 2p state. Similar oscillat-
ing behavior has been predicted by the TDCC approach
for the DDCS in the antiproton-hydrogen collision [30].
4 Conclusions
In this paper, we have calculated the doubly differential
cross sections for single ionization of lithium atom by
6 MeV protons and 1.5 MeV bare oxygen nuclei within
the recently developed non-perturbative approach based
on the Dirac equation [17]. The results of the calcula-
tions are compared with the predictions of other non-
perturbative approaches, such as the TDCC [15] and
CP [16], and the experimental data [8]. For light targets
like lithium, our relativistic approach obviously does not
give any advantages compared to other non-perturbative
approaches. Nevertheless, for the studied collisions, its
predictions are close to the measurements and can be
used for explaining the data. The NN interaction has
to be necessarily included in the DDCS calculation for
collisions with O8+ projectiles.
In the further work, we will focus on the differential
cross sections in collisions of heavy ions and atoms, where
the relativistic effects are large. Such cross sections are
in the study list of the facility for antiproton and ion
research (FAIR) [31,32].
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